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Space-Charge Limited Current from a Finite Emitter in Nano- and
Microdiodes
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Department of Engineering, Reykjavik University, Menntavegur 1, IS-102 Reykjavik, Iceland
We simulate numerically the classical charge dynamics in a microscopic, planar, vacuum diode with a finite emitter area
and a finite number of electrons in the gap. We assume electrons are emitted under space-charge limited conditions
with a fixed potential applied to the diode. The Coulomb interaction between all electrons is included using the method
of molecular dynamics. We compare our results to the conventional two-dimensional Child-Langmuir and explain how
it is limited in applicability for sub-micron diameter emitters. Finally, we offer some simple relations for understanding
space-charge limited flow from very small emitters.
I. INTRODUCTION
Space-charge limited current in diodes has been a subject of
investigation for over a century1. The classic Child-Langmuir
law2,3 which describes the limiting current in a parallel-plate
vacuum diode of infinite area is given by
JCL =
4
9
ε0
√
2q
m
V
3/2
g
D2
, (1)
where ε0, is the permittivity of free space, q represents the
fundamental charge, m the mass of an electron, D the diode
gap spacing and Vg the potential across the diode. The Child-
Langmuir law has been extended to include different geome-
tries4–6, initial velocity7, relativistic8, and quantum effects9
among other things. An important modification to the Child-
Langmuir law has to do with the situation where the emitting
area is not infinite, but rather limited in dimension10–14. This
has obvious importance, as in a great number of practical de-
vices the length scale of the emitting area is equal to or less
than other length scales characterising the diode. An elegant
theoretical derivation of the two-dimensional Child-Langmuir
law is to be found in Reference10 and extended to a greater
number of emitter shapes in14. The general form of the two-
dimensional Child-Langmuir law is
J2DCL = JCL(1+G) , (2)
where JCL is the Child-Langmuir current density as given by
Eq. 1 and G is a geometrical correction factor dependant on
the shape of the emitting area, it’s scale length, and the diode
gap.
Important assumptions in the theoretical treatment are that
the current density is continuous and uniform throughout the
emitter area and that the beam does not expand transversely
as it propagates across the diode gap. Although it is well
known that the current density is generally higher at the emit-
ter edge than in the interior region 13, the assumption of uni-
form current density is generally valid for emitters of macro-
scopic length scales. At microscales one may anticipate that
the wingtip structure of the current density profile will begin
to play an important role. As will transverse expansion and
discrete particle effects. In this paper molecular dynamics
based simulations will be used to investigate how the space-
charge limited current deviates from the theoretical estimate.
The molecular dynamic approach is particularly well suited
for this work as at the length scales and current densities in-
volved it is anticipated that discrete particle effects will be-
come important.
II. MODEL AND THEORETICAL BACKGROUND
The system under consideration consists of an infinite an-
ode and cathode with a gap spacing D, and applied gap volt-
age Vg. Emission from the cathode is restricted to a circular
area of radius, R. Electrons are emitted with negligible emis-
sion velocity. Electron emission and propagation is calculated
using the same molecular dynamics approach for simulating
space-charge limited dynamics as in previous papers from our
research group15–18. In short, the algorithm is the following:
An emission site is randomly selected on the emitting area of
the cathode. If the electric field at that site is oriented such
that it would accelerate and electron away from the cathode,
an electron is placed 1 nm above the cathode surface thus af-
fecting the overall electric field. If the electric field at the
site is not favorable for acceleration, no electron is placed
at that location and a failure to place is recorded. This pro-
cess is repeated until 100 sequential failures to place have
been recorded, indicating that there is no place on the emitting
part of the cathode surface that has a favorably oriented field,
hence the space-charge limit has set in. At this point direct
Coulomb interaction is used to calculate the net force acting
on every electron in the vacuum gap, the time-step in the sim-
ulation is advanced, and the Velocity-Verlet method is used
to calculate the new positions and velocities of the electrons.
Any electrons that exceed the boundaries of the diode are re-
moved from the system. The simulation progresses through
this procedure of electron placement/emission and advance-
ment for any number of time steps. This method of electron in-
jection ensures a self-consistent space-charge limited current
density across the emitter. The current is calculated by use of
the Ramo-Shockley theorem19,20. The equation is
I =
q
D
∑
i
vz, i , (3)
where q is the electron charge, vz the component of the instan-
taneous velocity that is normal to the cathode surface, and D
the gap spacing.
For the simulations the applied electric field (which is the
electric field in the absence of space-charge) is kept constant;
2for most runs at a value of Vg/D = 1 V/µm = 1 MV/m, but
we also conduct runs at other fixed values of the applied field.
The parameter, α , hereafter called the aspect ratio is defined
as
α =
D
R
, (4)
where R is the radius of the emitting area. The results de-
scribed in this paper come from 91 sets of simulations. For
the 61 sets with an applied field of 1 MV/m we run five dif-
ferent values of the aspect ratio: α = 2, 5, 10, 20, and 50.
50 of these simulations correspond to Vg = 1, . . . ,10 for each
aspect ratio. We add 11 extra sets for α = 20 and α = 50 to ex-
tend the range of the data. For α = 20, these extra sets are for
the following voltages: Vg = 0.02, 0.05, 0.1, 0.2 and 0.5 [V],
corresponding to a radius of R = 1, 2.5, 5, 10 and 25 [nm]
respectively. For the aspect ratio of α = 50 the extra sets are
for Vg = 0.05, 0.1, 0.2, 0.5, 20 and 40 [V ], corresponding to
a radius of R = 1, 2, 4, 10, 20, 400 and 800 [nm]. Data for
these 11 additional sets is only shown in Fig. 1 and Fig. 4a.
Additionally, we ran 30 sets for α = 10 with fixed field values
of 2 MV/m, 5 MV/m, and 10 MV/m and radius values of
R = 0.1, . . . ,1 µm. The are shown in Fig. 5a.
From the generalized Child-Langmuir treatment of Koh
et al.14 one expects the geometrical correction of Eq. 2 to be
G = D/(4R), since the emitting area is circular. From the as-
sumption that the current density is uniform across the emitter
one expects the current to be
I2D = piR
2J2DCL =
pi
9
ε0
√
2q
m
V
3/2
g
(
4
α2
+
1
α
)
. (5)
In subsequent discussion of the simulation results, Eq. 5 will
be used as the theoretical comparison.
III. RESULTS AND ANALYSIS
We begin by examining the ratio of the current calculated
from the simulation, Isim, and the current predicted by Eq. 5.
For brevity we define the ratio as H = Isim/I2D in Fig. 1. It
is immediately apparent that Eq. 5 is generally not applicable
for radii less than 10 µm, at least for the given applied field
of 1 MV/m. For "large" radii, and smaller aspect ratios, Eq. 5
gives a good approximation to the true value of the current.
The reasons for this are most likely that edge emission is of
greater importance for small radii, transverse beam expansion
is of greater relative importance for small diameter emitters, as
are discrete particle effects. In addition, it may be that trans-
verse expansion of the beam plays an important role for beams
with large aspect ratios.
An examination of the current density as a function of ra-
dius confirms that the emission from the edge can be con-
siderably higher than from the bulk region as can be seen in
Fig. 2. Note that in the bulk the current is quite uniform as it
is assumed to be in the theoretical treatment leading to Eq. 5.
We define the edge region as an annulus covering the area of
higher current density. It constitutes the part of the emitter
FIG. 1: Ratio H, of the current calculated from the
simulation, to the current calculated from Eq. 5. The dashed
lines show the current ratio, for different aspect ratios, in the
Coulomb blockade limit as described by Eq. 6.
FIG. 2: Histogram of current density as a function of
radius, r, at the cathode surface. α = 10, Vg = 5 V
where the radius, r, lies in the interval R− δ < r < R, with δ
defined in the following manner. Let R1/2 denote the radius
where the current density reaches half of its maximum value.
Then we pick δ such that an annulus with outer radius R and
inner radius R1/2, has the same area as an annulus with outer
radius of R1/2 and inner radius of R−δ . Using this definition,
and recording the point of origin of all electrons in the simula-
tion, we can calculate the fraction of electrons that are emitted
from the edge in a consistent manner.
Fig. 3 shows how the fraction of charge coming from the
edge varies with the applied voltage for the different aspect ra-
tio values. Equivalently, since with our constant electric field
Vg[V] = E0[MV/m] α R[µm], the emitted electron ratio can
be evaluated as function of the emitter radius. We note that
for small radii the fraction of charge coming from the edge is
3FIG. 3: Fraction of the charge originating in the edge region
of the emitting area.
considerable, and in fact may constitute the bulk of the cur-
rent coming from the emitter. Of course, even if the current
density were uniform across the entire emitter, we would an-
ticipate that the fraction of the current coming from an edge
region of width δ would scale as 1/R with emitter radius, due
to the fact that the area of the edge region divided by the total
area of the circular patch is equal to 2δ/R. However, as the
current density of the edge area is considerably higher than
that of the bulk area we observe that the scaling with radius is
quite different from 1/R.
Now, consider a diode where electrons are emitted from a
single point at the center of the emitting area of the cathode,
and the diode gap is small enough that only one electron can
be in the gap at a time. The maximum gap size such that only
one electron can be accommodated at a time is found by us-
ing the Coulomb blockade condition that an electron cannot
be released from the cathode until the retarding field due to
the previously released electron no longer exceeds the applied
field. This means that for an applied field, E0, the maximum
gap size allowed to accommodate only a single electron from
a point emitter is Dmax =
√
q/(2piε0E0) (taking into account
both the electron and its image charge), which corresponds to
54 nm for an applied field of 1MV/m. The average current for
a system of this type is 〈I〉= q/τ , where τ = D√2m/(qVg) is
the time for an electron to transit the diode gap. Using this def-
inition we may calculate the ratio, between the average current
for a single electron, and the theoretical value derived from the
continuous model of Eq. 5, as
H1 =
〈I〉
I2D
=
9q
2piε0E0(4+α)R2
. (6)
Referring back to Fig. 2 we show how the values of H from
simulation approach H1 asymptotically for different aspect ra-
tio values. The point emitter approximation becomes ever
more accurate as the emitter radius decreases. For small radii
and large aspect ratios the single electron assumption is met.
Let us further consider the total current extracted from the
cathode. By using the relationVg =αE0R wemay recast Eq. 5
as
I2D =
pi
9
ε0
√
2q
m
E
3/2
0
(
4√
α
+
√
α
)
R3/2 , (7)
so that for a fixed applied field and aspect ratio the current
scales as R3/2. Fig. 4a. depicts simulation results for cur-
rent versus emitter radius for a constant value of applied field
and five different fixed values of the aspect ratio, α . Also
shown are the predicted curves derived from Eq. 7. We see
that, asymptotically, the current scales as R3/2 with increasing
radius, as is predicted by Eq. 7. However, We also note that
when the radius is greater than 100 nm the simulated current is
seemingly independent of the aspect ratio, unlike the current
predicted by Eq. 7. As can be seen in more detail in Fig. 4b
the predicted asymptotes for α = 2 and α = 5 are very sim-
ilar, and it is toward this asymptote that all of the simulated
currents tend, even for larger aspect ratios. A speculative ex-
planation follows. For two diodes with the same applied field
and emitter radius, but different aspect ratios, the gap spacing
will differ in proportion to the aspect ratios. Thus, a beam
with an aspect ratio of 50 will propagate across a gap that is
ten times as long as does the beam with an aspect ratio of 5.
According to Eq. 7 the former beam should also have a con-
siderably higher current density and thus the transverse space-
charge force near the cathode is also greater. This means that
the beam with the higher aspect ratio will experience a larger
transverse force and have a longer transit time, so that we may
expect it to expand considerably as it travels even a short dis-
tance from the cathode. This could result of giving it the ap-
pearance of having an effectively larger emission area which
would result in an "effectively smaller" aspect ratio. We have
not run simulations to test this hypothesis but they may be
included in future work.
We now turn our attention to the region where the radius
is less than 10 nm. Here we see that the current increases
with decreasing emitter radius, and the aspect ratio affects the
current. The reason for this is straightforward if one considers
the point emitter model. When the gap spacing is less than
54 nm (recall that D = αR), there is only one electron in the
gap and the average current is given by
〈I1〉= q
τ
= q
√
qE0
2mαR
, (8)
which explains why a smaller aspect ratio and radius lead to
a larger average current. Of course, there are limits to the
applicability of this classical model. As the gap spacing is
further reduced, quantum effects must be taken into account9
but that is beyond the scope of this paper.
Next we look at the current from a point emitter where the
gap size is large enough that it can accomodate N > 1 elec-
trons. As an approximation we may make the assumption that
electrons emitted from the point source do not interact, and
that the period between electrons being released from the cath-
ode is equal to the time that it takes for a single electron to
reach an elevation above the cathode of z∗ =
√
q/(2piε0E0).
This time is equal to τ∗ =
√
2mz∗/(qE0), which leads to an
4average current of
〈IN〉= q
τ∗
=
(
q5piε0
2m2
)1/4
E3/4 , (9)
which is independent of the gap spacing and aspect ratio. The
approximations made to obtain Eq. 9 result in a slight overes-
timation of the current, since it will not only be the electron
nearest to the cathode that contributes to the Coulomb block-
ade, and thus it will have to travel further away from the point
of emission before another electron can be released. Fig. 4a
depicts 〈IN〉 in relation to the current values from simulations.
As can be seen it is slightly above the minimum value of the
current curve.
At last, we examine the effect of the applied electric field
on deviation from the conventional two-dimensional Child-
Langmuir law. Fig. 5a shows the ratio, H, for an aspect ra-
tio of α = 10, and four different values of the applied field
strength. We see that, for a given emitter radius, Eq. 7 gives
a more accurate estimate of the actual current as applied field
strength increases. This can be understood from a couple of
considerations. First of all, one sees that the asymptote pre-
dicted by Eq. 7 is shifted to smaller values of radius, in partic-
ular the point of intersection between the current predicted by
Eq. 9 and Eq. 7 shifts to a lower value of radius. This is the
radius where the point emitter model becomes more appropri-
ate and this can clearly be seen in Fig. 5b. Secondly, if one
considers the maximum transverse distance, ∆r, over which
an electron can effectively influence the surface electric field
to a degree of ∆E is ∆r =
√
q/(3
√
3piε0∆E), then the spacing
between electrons emitted from the cathode will be roughly
∆r. This means electron emission points on the cathode can
be more closely spaced with higher applied fields, extending
the continuous model to smaller radii.
IV. SUMMARY AND CONCLUSION
In this work we examine the physics of space-charge lim-
ited emission from a circular emitter of microscopic radius
in a planar system. We establish that, for aspect ratios of 5
or smaller, and a radius greater than 10 µm, the conventional
theory for the two-dimensional Child-Langmuir law is suffi-
ciently accurate. However, the conventional theory can be ex-
tended to smaller radii as the applied field strength increases.
Our results also show, that for larger values of the aspect ra-
tio, has the same asymptotic behavior, at large radii, as that
for an aspect ratio of 2. We show that for small emitter ra-
dius and sufficiently large aspect ratio, a point emitter model
gives a reasonably accurate estimate for the current that scales
as E
3/4
0 but is independent of aspect ratio and emitter radius.
Finally, for small emitter radius and small gap spacing, such
that the diode can only accommodate one electron, the current
scales with the gap spacing as D−1/2 and with the applied field
as E
1/2
0 .
These results, are useful as they help establish the limi-
tations of applicability of the conventional two-dimensional
(a)
(b)
FIG. 4: (a) Current versus emitter radius. Solid lines show
simulation results. Dotted line shows the current as predicted
by the single electron model of Eq. 8, while the dashed lines
show the current according to Eq. 7, for different aspect
ratios. Horizontal line shows current from Eq. 9 (b) Detail
from (a) in linear scale. Note that the simulated current for
α = 50 (red line) coincides with the current for other aspect
ratios rather than following the expected asymptote for
α = 50 (red dashed).
Child-Langmuir law, and extend our understanding of space-
charge limited emission to finite emitter areas of sub-micron
length scale.
Applications may range from modelling emission from ad-
sorbates on a cathode surface to emission from the apex of a
field emitter. We have modelled a planar system with a uni-
form vacuum electric field, which is likely not applicable to
a sharp field emitter where the electric field varies rapidly in
the vicinity of the field emitter. Work on that problem is un-
derway.
5(a)
(b)
FIG. 5: Effects of varying the applied field for a fixed aspect
ratio α = 10. (a) The current ratio, H as a function of field.
(b) The simulated current and expected asymptotes for select
values of applied field and α = 10. obtained from Eq. 7 and
Eq. 9
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